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M → {0, 1}
KªXYF?FHlH^\4o�b6�IbT=D5D5T\6A6~OvT=FbBNd:4o8:4wI�f}BROvT=DV�bT_6�BR0=6CPR4«m«Bz9¬GD­2<@9OvT_M`6®@90cBRa§PRD5�H>GI[BRDªBcnYz`PR4um3O]254YdYT\4«Ov>G4YdeBc6AM\B
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M
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{0, 1}
�§BRD5OQBR0=4§PRD§lNBND<BNO]2VlbT\D§a}>G4o�b>GD58:DV6_Bca:a@A6AMC8wI76`ÅwM\Pca§B�^_M`IbT\0U4YT\I§x
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M
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m
Ov>G4edYBc6C>N6cf�BcI7Ib>GM

m
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⊥
Ov>G4edYBc6�l725@98Y>?476�@`>G�§BN@`T\OÍI7M`XYD�KLT\D�B~D52<@j6_PcM\B7x
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P
stlbT\DezAT\D<W?DJ6ZD5T=�YT\6`@`^\FHTU@�D<T\DV6CPRM9sg2<d:¼Nn}>?476`>NI
I7WG0UWG6A6Za�T=lHT=0UT_6`�YT\6|zjX:IuB�hÇ4YT=O�Ib>NM\PcaYaY2gfoO]25476jp�MCT=D<PRs;=2<¬N6UÈo�§B

α, β ∈ P
f:BcI7Ib>NM

α ≤ β
z9T\D<WGD52}BR0\6cfo�Y>?F?�

α
4eT\OÎI7>NM\Pca:ae2gf?O]25476

β
xoÏ{2VDªPRFb>?@UfH�e>GFH�

α ≤ αO]254ed:T\4
α ∈ P

T=@`T_6`^=436CT\D zAT=@9X:Dgx�ÐoT\DV6CT=@`@A0UXwIr6`>RlGPcaYa§P7fY�Y>GFH�vhjT\O�a}T_MCX:4:IHp~T\FH�o@A0cT_M`MCT®O]254edw25Fv;=@CBcIT=F?�«D525@A6CPR6~Ib^U@A0UkJ6cf�BR0RBR0v�eB
α ≤ β

^U@
β ≤ α

T=F?�7BcM_PN476¤KLT=4:4§PRD5Dtf¡BRIbI7>NM
α = β

f�lGBRDªBRO]25476~�Y>GFH�B
hg4eT\OÑI7>NM\Pca:ae2gfwO]25476jp~M_T\DªPN;\2<¬
69M_BN4:0=2V6`kVl§Èe�eB
α ≤ β

^=@
β ≤ γ

f}BcI7Ib>NM¤6`T=D zAT=@9X:D
α ≤ γ

25@Ux}Ò�T\OM\BRF7BN@A0=Ib>7dw8Y4wIQ8YF?�7BR4eBcI7I7>NMZBR�Y�Y>G0Hfw�Y>?F?�Qa§PcMCOvT\D5�vI7^_6{D<T=�YT_6C@9^=FHTU@�D<T\DV6CPcMC2<d:¼Gn�>?476 I7WG0UX:D�BN0�T\FH�b2VIhÇ4YT=OÓI7>NM\Pca:ae2Jp D<T\F?�bT\4�fGO]25476 B{OQPG@A2VI�xHÔ°FH�
BNdY>N696
α
D5T=DV6CPcMC4eBcn
8w6_PR4QBR0125D5D<T_6C¼¤T=F?�7BcM_PN476°8:6CPR4§BRz9PcM`s
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m1

lGBRF?�rBR0
m2

Ov>G4YdeBc694§BcI�'7�eBSB
β
4eBRn�>?4rBN0

m1

sgT\6UfYB
γ
4eBRn�>?4Qn}TUdw25F
BN0

m2

st61lHT_696`TKLT=D B]D52<@j6_PRz9PcM\B7f§BcI7Ib>NM~T=D5¼GKL>NM_dw8YDV�§Bc6UfY�Y>?F?�
β
^U@

γ
T=F?�72VI32JM\PR4o�ba§BN4i@9T=O PRD5D54eBRI

≤
stMCT=DªPN;\2<¬Na�BR4 ¹tBhÇ4YT=O,I7>NM\Pca:ae2tfoO]25476Ap¤M_T\DªPN;=25¬�6CT\�ePR6{4YT=O�D52Va}TUPcMC2<@`»)(1B]Ov>?@A6

f : M → ℘P
BR0SB�KªX:F?FHlH^=4o�?fYBROvT=D5�OvT=FbBNd?z9B7fe�Y>GFH�[BR0vT=F?�HTU@¤Ov>G4YdeBc6Aa}T\69¨wI3OvT=D5�b2VIiD<T=DJ6_PcMC4eBcn}>NI7>G4i@90UT\MCT\n}T\D54YT\I[BQD52<@A6CPR4�f�BRIbI7>NM�BR02<d:TcPRD52<@�@90=8waezAT_I76`8:O IbWRlbT_69IbT\0cT_6CT=@`@9^=FHT�B3IbWRlbT_69IbT\0c¼NI7T_6�zAT\D<T\476`2gÈ ¹|2<»�6CT_6`@90U¼?D<T\FHTU@

m ∈ M
T=@`T_6C^\4

⊥ /∈ f(m)
^=@�¹L252ª» 6`T\6`@90U¼?D5T=FHTU@

m1, m2 ∈ M
TU@9T\6`^\4�fo�eB

m1 ≤ m2

fYBcI7Ib>GM
f(m1) ⊆ f(m2)

x
/�KL>NMCOQPRD52<@}Ov>7d:T=DVDoB�I7WRlHT\6AIbT=0U¼:xHÁ�±UÂJÃ¡¸b¶�*,+R³RÀ<¶¤¸b¶c±\¶.-t·�-t±U¿§¸/-�0e±21H´�¾7¸®4YT\lbT\0U0=XwI�B

K = 〈P,≤〉
MCT=4YdYT_s0cT_6A6Zn§PcM_>NI?Bc6cfYBROvT=DV�bT_I7a}T\4

P
4YT=O�X:MCTU@��eBRD5OQBR0Hf

≤
n}T=d:25FvT\F?�

P
st4[^_M`6`T\D5OvT=0UT_696�MC^U@A0=a}T\4wM_T\4ed:T=0U^=@¹LMCT23YT54ok5l§f°BR476`2<@A0U2VO]OvT\6AMC2VI78e@�^=@®69M_BN4:0=2V6`kVl[M_T\DªPN;\2<¬b»_x�6 /

P
�eBNDVOQBN0
T=D<T\OvT\2VM_T
O]25476�D<T\DV6CPcMC4eBRn�>GI7M_B�Y2VlGBc69Ib>?0=8:4:I�'°BR0=6�n}TUdw25F:f��Y>?F?�

α ∈ f(m)
f�BRDVIGBNDVOQBN4wIb^=476�k5F?��Ov>?4YdGzA8wI�È�BR0

α
D<T\DV6CPRM`4§Bcn}>G4

mKLT=DJI7T_MCX:D­BQDV2<@A6CPcM\B7x 7°/
K
I7T_M_T_6`@A6AMC8wI76`ÅwM\PR4«BRDªBcne8:D<¬]Ov>7d:T=D5DV4eT_Ir4YT=lHT\0U0=X:I«BR0U>GI?Bc6®BN0

M = 〈K, f〉n�PcMC>GI?Bc6�mulNBNF?�72<@
M = 〈P,≤, f〉

M_T\4YdYT\0cT_6A6Z�ePcMCOQBN@`>NI?Bc6�m§f§BROvT=D5�HT_I7a}T\4
f
B
Ov>G4edYBc69a�T\69¨:IQhgIbWGslbT_6AI7T\0cT_6`TU@Çp ³U±8-A³c¸b¶RÀ<³U·R¶�9¤BR0cBN03>GD5�bBR4

M → ℘P
KªX:FHF?lH^=4o�?f�BROvT=D5�HM_TE6`T=D zAT=@9X:Dgf©�Y>?F?��6`T_6C@A0c¼GD<T\FbT=@

m, m1, m2 ∈ M
TU@9T\6`^\4

⊥ /∈ f(m)
^U@

m1 ≤ m2 ⇒ f(m1) ⊆ f(m2)
x

/�0=6Uf��Y>?F?��BR0
α ∈ P

D<T\DV6CPcMC4eBRn�>?4
BR0
m ∈ M

Ov>G4YdeBc6�@90UT_M_T_n}T=DyBrD52<@j6_PR4¡f
α 
 m

z9T\D<WGD52gx¡/

M_T\DªPN;=25¬G6yT=0=8w6_PR4rlGBRDªBROvT\4Y4o�b2§Ov>?4YdYBR6AM\B¤Io2J6CT_MgzAT=@90\6tzjXwI�f:BR0~BRDªPcaYaY2�@90cBca�PRD5�H>NIQ@90UT\M`25476cÈ

: α 
 ⊥
@`>G�eBG@9T=O PRD5D§KLT\4Y4«¹gBR0cBN0

α 1 ⊥
O]254Yd:T=4

α ∈ P
T=@`T_6C^\4§»5'

: �eB m ∈ M
fYBcI7Ib>GM

α 
 m ⇔ α ∈ f(m)
'

: α 
 A ⊃ B ⇔ ∀β ≥ α
T=@`T_6C^\4¡fo�§B

β 
 A
fYBcI7Ib>GM

β 
 B
'

: α 
 A & B ⇔ α 
 A
^U@

α 
 B
'

: α 
 A ∨ B ⇔ α 
 A
lGBRF?�

α 
 B
'

: α 
 ¬A ⇔ ∀β ≥ α
T=@`T_6`^=4

β 1 A
x

/�Ib>G4Hzj8:4:Ib;=25¬i^=@
BR0rBNDJ6CT_MC4ePN;=2<¬u^_M`6`T\D5OvT=0U^=@`TvD<^=4o�HT\Fb^_a}T\4�Bi@A0c>NI?PN@`>?@�¹ªa�PcM]BN0�8:6`¬NaYaY2VM\BQlb>G4§Bc6AsI7>G0U¬bBR4�D<T=@90QT\FH�«^\MCdYT_I7T=@~T\MCTUdwOv^\4o�7XY4wI:»_f�B�I7>G4edw2<;\2<>G4§PRD52<@Z^U@�Br4eT\FbPG;\2<¬uBR0U>?47a§BR4
B�IoDªBN@9@90=2VIo8Y@TU@9T\69�YT=0�I7^_n}T=@A6¤6`WNaYa}T_6¤IbWRlHT\6`T=DtÈ§T\0cT_Io4YT\I«B
KLT=4:4§PRD5D<PG@`PR�e>G0�4YT=O ;=@98wn�PR4[BR0vBNdY>N6961hÇD5T=DV6CPcMC4eBcn}>G6jp_fdYT�BR0~8:6CPR4§B~I7WRlHT\6AIbT=0U¼GIbT_612<@<;:F?�bT\D<T\O�a}T¤IbT\D5D�lHT\4Y4oX:4:I§x:Ï°T=F?�7XwIu^=@90\M_TGf:�Y>GFH�ET=F?��Ib>?4Ydw2<;=25>?4ePRD52<@BR0
α
4eBcn}>?43D<T\DV6CPcM`a§B�lbT\�YT\6`¼QÅ:F?�r2<@UfY�e>GF?�3B
D<T=DJ6_PcM`a§BR43@`T\O BR0ST\D<¼N6_BRFRz9B7fe@9T=OÑBN0�8:6`¬N6_BRFRz9BS4YT=O@90UT\MCT\n�T=Dgx

= 6C>GD<@`¬
OvT\F/;:F?�bT\D<^=@9X:4:I�B�q1M`2Vn:I7T_stKL^\D<T3@90UT=OQBR47692VI?B T\FH�ÊKL>G476`>H@Qlb>G4§PN@`PRM_B«OS8w6_Bc6QM\P7È1BR0 T\F?�bT=@D<T\DV6_PcM`4§Bcn}>NI7>G4Q4eT\O IbT=DVD¡KLT\DV6`^\69D<T\4oXYD}O]254YdYT\4rOv>G4edYBc69MC¬?D}d:WG476CT\4oXY4wI�f:Bc6A6C¬GDgfw�e>GF?�rBR0
m
Ov>?4YdYBR6BR0

α
D5T=DV6CPcMC4eBcn}>?4Q4YT=OÎIbT\M`XYD�KLT\D�B~D52<@j6_PcM\B7foT\F?�vIb^=@`¼NaYaY2

β
4§Bcn}>G4EOv^\FSKLT\DVI7T_MCX:D5�YT\6Ux

> ?A@	>B@	>C@ED�F/G�H�IJIJF#KMLENPO/Q�RCS�OUT�RBH
¬A V G A ⊃ ⊥ V K.WYX GZWY[JG\NP]^LENP_Y_P`CK�Q�H�K K.SU[EHaXCNYO.b�ced,fU[�Hag.S�XBH2G\K.S�_Yf.H�X

WYhChiNYXaH�_YGjK�HUhCk�FCK�Q#H�Lld^GjHU_mF#G\S�]^IJflhiS�X GjLES�XBnio
> ?A@	>B@,�i@lp�O.HU_PS�] k�F#KiQ.RCS�OUTqH)K.r5g8NYG\K.NY_PNYG\NPIJIJWPO<LENYO�s�[\_Ys n#d^Kit G\NYG\IJ_Ys�]^NPO�NPI

A
LES�XBn#HUG�WYI

α, β ∈ P
NPIJNYG\WPXuQ8RBH

α 
 A
WPI

α ≤ β
QCHUK K.S�[

β 
 A
o

/�0
25FbBN0U@CPRF?4§BcIrBQ@A0cT\OQBR476`2JI?PR4:I3@A0cT_MC2V476ZKL>NI7>G0cBR6CBR2°lGBR4:4§BcI�x�/�0\6®Ov>G4edGzj8:I�fY�e>GF?�3BR0
A
Ov>?4YdYBR6BR0

M = 〈P,≤, f〉 v�w x ¶RÀ|À	y\¶U´ Â{z:¾ |�muz9T\D<WGD<^=@UÈ M � A
mef©�§B3O]254ed:T\4

α ∈ P
T=@`T_6C^\4

α 
 A
x
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A
Ov>G4edYBc6]B

K = 〈P,≤〉
¸b¶c±\¶U·�-t·�-t±U¿§¸/-�0e±21uy\¾H´ Â	z:¾8|�m3zAT\D<W?D5^U@=È

K � A
mef©�§B3O]254ed:T\4

K
s4ÊBRDªBcnY8YD<¬

M
Ov>7d:T=DVDVa}T\4�25F7BR0?x�Ï{^\FHX:D

A
st6u³U±c²7³U´�µ:¶U·\´�¶R¸!¹9À w zbÂt¸b¾HÂ�Â{z:¾8|R·.18zb´�¾b¸e»~4eT\lHT=0=0UXwI�f¡�§BO]254ed:T\4�IbT\MCT\6`@A6AMC8wI769Å:M_PRa§BR4v25F7BR0?x
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^\M`lb^\4o�bT=@`@9^=Fv4eBRFH�H>?4iT_M_¼?@{IbWRlbT_6`T=D5Ov^\4o�§ÈeBR�Y�Y>?0?f:�e>GFH�3T\F?�uOv>?4YdeBc6Z^_MClH^=4o�HTU@{D<T\FH�HT=4¡feBN�:�Y>?0
yU1H± v ¶RÀÄµiI7T_M_T_6`@A6AMC8wI76`ÅwM\PR4iBRDªBcnY8YD<¬ y21H± v ¶RÀÄµiOv>7d:T=D5Dmy21b± v ¶RÀÄµHÂt¸iD<T\DV6CPRM`4§BcnYz9PN4E@90UT\M9n}T\D54Y25T¤I7T\D5D­BD52<@A6CPR4�x = F?�7BR4YT=0yl72<@`@A0RPRz9PcM_¬GDgÈ=�§B�BR0\6�BcI?BcMgzj8wI�a�T\aY250U>?4o�7kJ6_BR4:2gfc�Y>?F?��T=F?�

A
Ov>G4edYBc6°4YT=O ^\M`lb^\4o�HTU@=fT=D<^\F:f��§B O�8:6CBc6`8:4:IÓ¶\zbµ

P
�eBRD5OQBR0=6 ¶Jzbµ

≤
M_T\DªPN;\2<¬RlGBRD�^=@
¶Jzbµ�hgIbWRlHT\6AI7T\0UT\6`TU@Çp

f : M → ℘PKªXYF?FHlH^\4Y4o�HT=DtfblGBRDªBRO]25476~¶\zbµw¶8-ÇÀ5¶U´
α ∈ P

D<T\DV6_PcM`4§Bcn}>N6cf7BROvT=D5�HM_T
α 1 A

x
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A ⊃ A
I7>G4Yd:2<;\2<>G4§PRD525@Yn}^\D<dePR8:D7^_MClH^=4o�HT=@UÈUa§PcMCOvT\D5��Ov>7d:T\D5DHa§PcMCOvT\D5�

α
hÇD5T=DV6CPcMC4eBcnez9PR4wp¡aY250\6C>?@CBcID<T=�YT_6`X:4:IEBca:a�BR4¡fb�Y>?F?�v�§B�T=F?�o@90UT_M

A
st6�KLT\D5lHTU@9@90=X:IEB�DV2<@A6CPcM\B7fwBcI7Ib>GM

A
s|6�KLT=D5lHT=@`@90=XwIrB~D52<@j6_PcM\B7x_x=x

q1WG4Y4o�HT\4i2VF7BR0U>?D5�eBc6C¬wfw�e>GF?�3BR0E¹9ºc»tm§¹9º��H»{^U@®BR0�¹ÇÐ�»{@`^\OQPcI3O]254ed:T\43a�T=�YT=DV�bT_696`T=@9kV6`^U@9T?f§BR0RBR0�O]254:sdYT\4ÊB�4o25¬?OQBr^_MClH^=4o�HT=@�'�^\M`lb^\4o�bT=@`T_I 6`>RlGPcaYa�BR0uBRDV6`T_MC4ePG;\2<¬u^=@
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